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Summary

The D-efficiencies of several available third-order rotatabie designs
in two to eight dimensions, for regression on balls, are derived. The
effectof addjng centre points to the designs on the D-efflciencies is
examined. Keywords : D-efficiency, Rotatabie designs, Third-order.

I.VJTRODUCTION

Comparison of designs under one or more optimality criteria
lias been of interest in recent years- Important contributionswere
made by Kiefer [13], Galil andKiefer [5] [6] [7] [8] [9] who examined
the performance under various optimality criteria of designs selected
according to a particular criterion.

Rotatabie designs were introduced by Box and Hunter [1]
because these provide spherical variance contours for the estimated
response. There is a sustantial literature on the construction of
rotatabie designs of low order (a d-xh order design allows estimation
of all the parameters in a d-th degree polynomial). Kiefer [12]
showed that the D-optimuin design measures for regression on balls
are also rotatabie. Hence, it is particularly desirable to know how
the various available rotatabie designs perform under the D-opfimality
criterion. However, no systematic investigation into the performance
of available third order rotatabie designs seems to have appeared'in
the literature. In this paper the D-efficiencies of these designs are
examined.

Preliminaries : The settings under consideration are those of
cubic regression on k quantitative factors Xx,---, Xk which are restric-

k

ted to the k-hzXl Bk{R)={{.Xx,—,xk)-, x\ Without loss of
1=1
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^generality it is assumed that i?=l. A design ^ is a set of N points
in the ball, each point representing a

particular combination of the levels of the factors, for fitting the cubic
model

k k k

Po"l~ 2 ^ S ^ijl^iuXjuXiu
/=l /<;=1 '•< ;•</=!

+e„(H=I,...,iV), ...(1)

where r„ is the response at Xu and the e„'s arezero-meanuncorrelated

errors with a constant variance

The conditions under which a design is rotatable were derived
by Box and Hunter [1]. For a third-order design these conditions
are ;

U

u u

L 2 xlxixi=i5
U U 14

f,7, X=l,...,fc),

and all other sums of powers and products upto order six are zero.
A set of points satisfying (2) is called a third-order rotatable set. In
order to be a non-singular third-order design the set must have points
lying on two or more distinct spheres {i.e. satisfy \l'kl>kl{k+l) and
A2Xa/X2>(A:+2)/(A:+4)).

The Designs: Third-order rotatable designs in 9 and higher
dimensions have not been included in the study since these require
too many experiments to be of any practical interest. The designs in
2 to 8 dimensions under consideration are taken from Gardiner,
Grandage and Hader [4], Draper [3], Das and Narasimham [2],
Herzberg [10] and Huda [11]. The designs are described in terms of
the component symmetric point sets. 2~^S{ai, •• ,a^ denotes the
smallest "Resolution Vll" fraction of the set of all distinct permuta
tions of (±fli,...,±afc). Similarly, b, r, s, X) denotes the
smallest 'Resolution Vll' fraction of the point-set generated from a
Bl£(k, b, r, s, A) (see Huda, [11].
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All the designs have been scaled so that the outermost points
k

lie on 5ifc(l) where ^ —P?) is the spherical shell
1

of radius R. The designs are described in Table 2 in which rtg denotes
the number of centre points added. The D-etficiencies have been
computed for since in all the cases under consideration the
maximum D-efficiencies are attained within ihis range of ric.

The D-efficiency : The moment matrix M(?) of a third-order

rotatable design is completely characterized by ^4 and Ag. Further,
it is readily seen that the determinant 1M(^) | is given by

Im) 1=2^^-13^ {(A:-l-4)X2Aa-(A:-l-2)x2}^{(A:+2)X4-A:X|}

V \Vhi+h-1.)l2-,Mh-V(k+iV&
4 6 •

'

•••(3)

Galil and Kiefer [9] maximized (3) numerically and lound, that
D-optimum design measure puts mass a uniformly distributed on
Sk{9*) (P*<1) and mass (I—a) uniformly distributed on where
for 2^/:<8 the values of « and P* are as in Table 1 which also gives
the corresponding values X*, and X* of X2, X4 and 7^6. respectively.
The D-efiSciency .Ef of design \ is given by

E, ={1 Mil) I / I M(?*) \Y'\ -(5)

where P=(fc+3)(A:+2)(A:+l)/6 is the number of parameters in (1).
The value of Ei has been computed for several third-order rotatable
designs and displayed in Table 2.

TABLE 1

Values of design parameters for D-optimam design measures

k a P* m X' JOO X*
4

]00 X*
6

2 0.308 0.515 38.6845 8.9208 1.4536

3 0.208 0,544 28.4518 5.4014 0.7594

4 0.150 0.560 22.4260 3.6031 0.4518

5 0.113 0.569 18.4717 2.5681 0.2828

6 0.088 0.576 15.6866 1.9202 0.1907

7 0.070 0.580 13.6221 1.4888 0.1346

8 0.058 0.584 12.0223 1.1859 0.0984



TABLE 2

D-efiiciency of third-order rotatable designs

Dn. No. k Designs to N lOOXi iOOXi iOOXo 100E( Ref.

(0 (2) (3) (4) (5) (6) (7) (8) (9) (10)

1 2 n equally spaced points
on each of Sft(l) and
Sfcfp*)

0 31.631 6.690 1.061 92.989 GGH

2 2 2a and n equally spaced
points on S^d) and S^Cp*),
respectively

0 37.754 8.626 1.402 99.847 GGH

3 2 7 equally spaced points on 1* 15 29.522 6.244 - 0.990 88.984

each of 8^(1) and SftCp*) 2 16 27.677 5.853 0.929 85.103

3 17 26.049 5.509 0.874 81.439 GGH

4 18 24.602 5.203 0.825 78.018

5 19 23.307 4.929 0.782 74.839

6 20 22.141 4.683 0.743 71.890

4 2 14 and 7 equally spaced 1* .. 22 36.038 8.234 1.338 97.658

points on S/jCl) and Sft(p*), 2 23 34.471 7.877 1.280 95.244

respectively 3 24 . 33.035 7.548 1.227 92.775 GGH

4 25 31.713 7.246 1.178 90.320

5 26 30.493 6.968 1.132 87.920

6 27 29.364 6.709 1.090 85.594
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18

19

s(b, 0,0. o; 0), 3 153 16.868 2.150 0.218 81.802 DN

S(c, 0,0,0. 0); 4 154 16.759 2.136 0.217 81.435

a''=0.218395. 5 155 16.651 2.122 0.215 81.057

b''=0.987579.^- - , 6 156 16.544 2.109 0.214 80.669

=0.428004

Sfa a), S(0, b, b, b, b)

S(c, 0, 0.0,0).

S(d, 0, 0, 0. 0),

2 sets of S(e, 0, 0, 0, 0);

a=l/2v' 2, b''=0.198425,

c''=0.801976, d''=0.387926,

e»=0.625.

0* 192 15.406 1.766 0.163 66.223

1 193 15.326 1.756 0.162 66.025

2 194 15.247 1.747 0.161 65.813

3 195 15.169 1.738 0.160 65.591

4 196 15.091 1.729 0.159 65.361

5 197 15.015 1.721 0.159 65.125

6 198 14.939 1.712 0.158 64.884

S(a, a, a; a, a). 0* 124 16.656 2.048 0.202 77.941

S(2a, 2a, 0. 0, 0), 1 125 16.523 2.032 0.200 77.596

S(b, b, b, b, b), 2 sets of 2 126 16.392 2.016 0.198 77.229

S(2b, 0, 0, 0, 0); 3 127 19.263 2.000 0.197 76.831

a''=l/8,b''=3^"i8 4 128 16.136 1.984 0.195 76.411

5 129 16.011 i 1.969 0.194 75.978

6 130 15.887 1.954 0.192 75.535
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a»=0.189122. 4 186 13.305 1.476 0.140 63.770

b^=0.847870, '5 187 13.234 1.468 ;0;139 63.470

c''=0.111790, 6 188 13.16'4 1.460 0.138 63.173

d»=0.461325.

23 6 S(a, a, a, 0, 0. 0), 0* 260 15.335 1.798 0.171 90.224

S(b,0,....0),S(c,0,..., 0), 1 261 15.276 1.791 0.170 90.074

S(d,....d). S(e,0,. .0); 2 262 15.218 1.784 0.169 89.896

a''=l/3, b^=0.955977. 3 263 .15.160 1.778 0.169 89.696 DN

c='=0.48732. d''=0.I32283, 4 264 15.103 . 1.771 0.168 89.482

e»=0.925984. 5 265 15.046 1.764 0.168 89.256

6 266 14.989 1.758 0.167 89.022

24 6 S(2a, 2a, 0, 0, 0,0;, 0* 236 12.712 1.271 0.106 64 934

2 sets of S(a,.... a). I 237 12.658 1.266 0.106 64.727

4 sets of S(2a, 0, .., 0): 2 238 12.605 1.261 0.105 64.516

,a'=I/8. 3 2"39 12.552 1.255 0.105 64.303 Hu

4 240 12.500 1/250 0.104 64.086

5 241 12.448 i;245 0.104 63.871

6 242 12.397 1.240 0.103 63.653

25 6 Non-central orthogonal
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projection ofDesign 29. As Design 24
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29 7 S(2a, 0,.. , 0), 0*

1

238 12.605 1.260 0.105 82.664

BIB-a(7, 7. 4, 4, 2), 2 sets 1 239 12.552 1.255 0.105 82.451

of complementary 2 240 12.500 1.250 0.104 82.218 DN

BlB-a (7, 7, 3, 3, 1); a==i 3 • 241 12.448 1.245 0.104 81.973

4 242 12.396 1.240 0.103 81.918

5 243 12.346 1.225 0.103 81.455

6 244 12 295 1.229 0.102 81.188

30 7 S(a,...,a),S(2a. 0,....0), 0* 240 12.500 1.250 0.104 82.210

2 sets of S(2a,0,..., 0), 1 241 12.448 1.245 0.104 81.973

a^=l/8. 2 242 12.397 1.240 0.100 81.918

3 243 12.345 1.235 0.108 81.456 DN

4 244 12.205 1.230 0.102 81.188

5 245 12.245 1.255 0.102 80.017

6 246 12.195 1.220 0.102 80.644

31 7 Sd.o, ,0), 0* 372 11,.5 63 1.059 0.080 63.557

2-'S(a a\ 1 373 .11.532 1.056 0.080 63.461

S(b, b, b, 0, 0, 0, 0), 2 374 11.501 1.052 0.080 63.357 DN

S(c. 0,...,0); 3 375 71.470 1.050 0.080 63.247 &

a»=0.t32589, 4 376 11.440 1.047 0.079 63.131 Hu

b»=3a=, c==0.35373I 5 377 11.409 1.044 0.079 63.011

6 378 11.379 1.042 0 079 62.888
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k . j

35 8 BIB-a(8, 14, 7,4,3, 1),

S(2a, 0 0),

Av • y-

BIB-b (8, 14, 7, 4, 3, 1), As Design 34 liu

S(2b.0,,..,0j;

-
3"=^, b" such that

X2=X*

36 8 2-'S(a,..,,a),

S(2a, 2a, 0 0),

BIB-b (8,14, 7,4,3,1), As Design 34 Hu

S(2b, 0 0);

a''=l/8, b" such that

37 8 2-'S^a a),

S(2a, 2a, 0 0),

- BIB-b (8, 14,7. 4, 3, 1), As Design 34 Hu

S(2b, 0 0);

b''=i, a"® such that

X2 = X2.

Note : (i) *indicate3 thj number of centre points corresponding to the liighest D-eflScienc).
(/;•) GGH, D, DN, H and Hu stand for designs due to Gardiner, Orandage and Hader [4], Draper [3]f Das and Narasimham [2],

Herzberg [10] and Huda [I I], respectively.
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Comments: The four-dimensional design of Draper [3] consists
of two singular third-order rotatable designs. High eflaciency is
achieved by placing one of these on 54(1) and the other on Sk(,P), P
being chosen to give thisprocedure has been followed also for
similar eight-dimensionaldesigns. A possibly better alternative may
have been to vary P so as to get X6=>^e; however, this has not been
tried. Of the few two-dimensional designs considered, the design,
consisting of 16 equally spaced points on 5i(I) and 7 equally spaced
points on Sic{P*) gives the maximum eflBciency-nearly 1. Design 7 is
by far the most efficient of the 3-dimensional designs. Of the five
4-dimensional designs considered the two designs due to Herzberg
[lO] are better than the rest. In five dimensions two of the designs
due to Das and Narasimham [2] and two due to Huda [11] perform
fairly well. Design 23 and Design 26 are by far better than the other
6-dimensional designs. In seven dimensions Design 29 and Design
30 have nearly equal efficiencies.

In eight dimension, the four designs due to Huda [11] have
equal efficiency and are much better than the designs due to Das and
Narasimham [2]. As mentioned earlier, possibly greater efficiency
could be achieved by these designs if the distances of the points were
varied to get Xo=>^e rather than as done here.

In our study only D-efficiency has been investigated. There
may be situations where other criteria such &s A- and E-optimality

.are of greater interest. Efficiencies ofdesigns under these criteria is
currently being investigated and will be communicated when the study
is completed. As with alltheoretical studies on optimal designs, the
efficiencies derived here are supposed to serve only as rough guide
lines In practice the experimenter's choice ofa design may depend
on considerations other than theoretical efficiency.
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